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Let B, ,, 1 <p< oo, be the set of all functions from L,(R) which can be con-
tinued to entire functions of exponential type <o. The well known Whittaker—
Kotelnikov-Shannon sampling theorem states that every feB,, can be repre-
sented as

>0,

fo=% f

kez

o ) o(x—knjo) °

<k7z> sin g(x —kn/o)

in norm L,(R). We prove that it is also true for all feB, ,, 1 <p< o0, in norm
L,(R). From this, we further prove that if f(x)= O(¥(x)), where ¥(x)e L,(R),
Y(x)=0 is even and non-increasing on [0, o0), and f(x) is Riemann integrable
on every finite interval, then the aliasing error of f, ie., f(x)—> .., flkn/o)
sin g(x —kn/o)[ o(x —kn/c)] ™", converges to zero in L,(R), 1<p<oo, when
g +oo. If feL)(R), reN, we also determine the error bound of its aliasing
error.  © 1996 Academic Press, Inc.

1. INTRODUCTION

Let E be a finite interval or the real axis R and denote by L,(E),
1 <p< oo, the classical Lebesgue space with the usual norm. We say a
function f is bandlimited if its Fourier transform has finite support. The
well known Whittaker-Kotelnikov—Shannon sampling theorem which
plays an important role in communication, information theory, control
theory, and data processing [ 1, 2] states that every signal function which
is bandlimited to [ —o,0] can be completely reconstructed from its
sampled values f(kn/a). We formulate it as
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THEOREM A [2]. Let feL,(R)n C(R) and the support of the Fourier
transform f of f be contained in [ —o, g]. Then
(a) f(x)=> flkn/o)sinc o(x —kn/c), for all xeR,
(b) lim,,_ , [f(x) =2 <, flkn/o) sinc o(x —kn/o)|| yn) =0, where
sinc x=x""sin x for x#0, and 1 for x=0.Y, _, f(kn/o) sinc o(x —kn/a)
is usually named as a Whittaker cardinal series.

During the past hundred years or so many attempts have been made to
generalize Theorem A in a purely mathematical as well as in a practical
engineering sense. For example, concerning functions which are not a
priori bandlimited, one approximates by bandlimited functions and con-
siders estimates for the error. The papers of Butzer, Higgins, and
Splettstosser [ 1-4] have given an extensive list of references with respect to
this direction. In particular, Brown [5] has proved that

TueoREM B [5]. Let fe C(R) N L,(R), 1 <p<2, fe L(R). Then
(@) [Xies flkn/o)sinc o(x —kn/o) — f(x)| </2/n [, -, | F(0)] dt,
(b) lim,_ >, ., flkn/o)sinc o(x —kn/o) = f(x)
uniformly on R, where f(x) is the Fourier transform of f(x).
Remark 1. In the language of electrical engineers, the difference

f(x)—=> ., flkr/o) sinc o(x — kn/o) is called the aliasing error.

DerFiNITION 1. Let g(z) be an entire function, ¢ > 0; if for every &> 0,
there is a constant 4 = A(¢) such that

lg(z)| <Aexp(ag+e)lz|, VzeC, (L.1)

then g(z) is said to be an entire function of exponential type o. Denote by
E, the class of all entire functions of exponential type o, and let B, be the
subset of all functions of E_, which are bounded on R; finally, let

B, ,=B,nL,(R), 1<p<oo, B, ., =B, o>0. (1.2)
According to Schwartz’s theorem [6, p. 110]

B, ,={feL,(R): suppr[—a,a]}, (1.3)

the f(x) in (1.3) means the Fourier transform of f(x) in the sense of
generalized functions [6, p.30]. For the case p=2, it is the classical
Paley—Wiener theorem, therefore, in view of the Schwartz theorem, if a
function f'e L,(R) is bandlimited in [ —o, o], then fe B, ,. Rahman and
Vértesi [ 7] have considered the convergence of Lagrange interpolation of
some non-periodic function by entire functions of exponential type ¢ >0 in
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the points kn/o, k€ Z. In order to relate their results, we need the following
definitions:

DerINITION 2 [7]. Given 1 <p <o, we denote by %,(9) the set of all
measurable functions f: R — C with

fx)=0((1+|x})7"=2),  xeR (x| - ©) (14)

for some 6 >0, and by %, the union (J;.. %,(9). Clearly %, = L (R).

DerFiNITION 3 [7]. We denote by R the set of all functions f: R— C
which are Riemann integrable on every finite interval.

Rahman and Vértesi [ 7] have proved

Tueorem C [7]. Let feZ,nR, 1 <p<oco. Then

fx) = f< >smcax knjo)

kez

-0, l<p<oo.
p(R)

Remark 2. (1) The notation 7, denotes the class of all trigonometric
polynomials of degree <n. Let /- R — C be a continuous, 2z-periodic func-
tion, and denote by ¢,(f, -) the trigonometric interpolatory polynomial of
degree not exceeding n with ¢,(f;x, ;) =f(x, ) in the points x,,=
2kn/(2n+1), k=0, +1, ..., +n. It was shown by Marcinkiewicz [ 8] that

2r
lim j X)—t,(f,x)|Pdt=0, p>0. (1.5)

m— o0

It is known that B,=T, [9, pp. 175-180], hence Marcinkiewicz’s result
was a motivation for Rahman and Vértesi’s paper.

(2) Reference [7] points out that there is a continuous function
f*: R — C which has compact support and

lim

g — + oo

= + 0.
o0 (R)

[*(x)= Y. flkn/o) sinc o(x —kn/o)

keZ

The above results are the motivation for considering the following two
problems: First, can be completely reconstruct f€ B, ,, pe (1, 00)\2, from
its sampled values f(kn/o) in L,(R) metric? Second, how large is the
aliasing error for differentiable functions which belong to L,(R)? It is the
purpose of this paper to consider these two questions. Our main results are
the following:
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THEOREM 1. Let feB 1 <p<oo. Then

a,ps
(a) f(x)=X,c7 flkn/o)sinc o(x —kn/a), VxeR, and the series
> ez flkn/o) sinc o(x — kn/o) converges uniformly on R.
(b) /(%) =X < flkn/o) sinc o(x — kn/o)| @) = 0, m — o0,
(c) there is a constant C, which depends on p only such that

e AN AR
(S

ag
Remark 3. (1) The parts (a), (b) of Theorem 1 are generalizations of

the Whittaker—Kotelnikov—Shannon sampling theorem (see Theorem A) in
B 1 <p< 0.

T
H.f”,;(u;z) < Cp <(7 Z

keZ

a,ps
(2) Part (c) of Theorem 1 is a generalization of the Marcinkiewicz
inequality on B, ,, 1 <p < .
(3) If 1<p<2, then B, ,=B,, [8, Theorem 8.3.5], therefore, if
1<p<2, Part (a) of Theorem 1 is contained in Theorem A.
(4) Rahman and Vértesi [7] have proved that if fe B
0>0, then Part (c) of Theorem A is valid.

N Z,(9),

a,p

Let /,, 1<p<oo, be the Banach space of double infinite bounded
sequences with the usual norm

1/p
|y|1,,1=<Z ijl"> . 1<p<oo,
jezZ

(1.6)
[y, =sup [y;l.

JjeZ

THEOREM 2. (a) Let y={yi}icz> V€L, 1<p<oo. Then there is a
unique g € B, ,, interpolating the given data y ={y,} ., in the points kn/o,
keZ, and g(x) is represented by

g(x)= Y, glknjo)sinc o(x —kn/a),  for all xeR, (1.7)
keZ
and the series Y., _, glkn/c) sinc o(x —kn/o) converges uniformly on R.
(b) If there is an entire function ge B, 1<p< oo, such that
gknjo) =y, keZ, then y={y;} ., €L,
Let f:R—C be a measurable function such that {f(kn/o)},_.,€l,,
l<p<oo, then by Theorem 2 there is an interpolation operator
L,(f,x)eB, ,, such that

g, p>

L,(f, kn/o)=f(kr/o), keZ.
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We write also

Lo’(f) ::La’(fa )

THEOREM 3. Let feL,(R), 1<p<oco, and {f(kn/o)},.,€l, for all
0>0. Then |f—LJf),w—0 if and only if there is a sequence
{g,} =B, , such that the following two conditions are both satisfied
simultaneously.

(a) Hf*gaHp(R)_’Oa g + 0,
(b) ((n)0) Tyez |f(knfo) —g,(kn/a)|")'" -0, 6 > + o0.

DerINITION 4. Let f: R— C be a measurable function. We say feQ,,
1 <p < oo, if there is a nonnegative, even, nonincreasing on [0, co) func-
tion he L,(R), such that

|f(x)| = O(h(x)), VxeR. (1.8)
Remark 4. (1) It is clear that Q,& L,(R) and 7, & Q,, for example,
S(x)=2+|x[) "7 (log(2+|x]) """ e, p>0,
and f'¢ 7,(0) for any 6> 0.
(2) IffeQ,, then {f(kn/o)},.,€l,, 1 <p<oo, for all ¢>0.

THEOREM 4. Let feQ,nNR, 1 <p < oo. Then
Hf_LlT(f)Hp(R) -0, 0 — + 0.

Remark 5. Theorem 4 extends Rahman and Vértesi’s result [7].

Denote by L(R), 1 <p< oo, the subspace of functions f in L,(R) for
which the (r—1)th derivative of f exists and is locally absolutely con-
tinuous on R, and for which || /| () 18 finite; further, let

Wr {fELr R): Hf(’)Hp([R)\ }

Given 1 <p < oo, the function

o(f, l)p([R): sup Hg(.+h)_g(')”p(|R)

|hl <t

is called the modulus of smoothness of fin L,(R). If f € L,(R) is a differen-
tiable function, we obtain a bound for the aliasing error of the function f
as follows:
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THEOREM 5. Let fe L) (R), reN, 1 <p<co, 0> 1. Then there is a con-
stant C, , which depends on r and p only such that

) 1
|f—La<f>|p(R)<cr,,,a'w<f,> .
P(R)

g

Remark 6. (1) By virtue of [6, p. 168], if fe L)(R), 1 <p< oo, then

E = inf 1=l <Crpo 0 (£07)
g€ Bsp 9/ p(w)
(2) Inview of [10, 11], the order of the g-average width in the sense
of Kolmogorov and linear width of W (R), 1 <p<o0, is equal to o,
therefore, the interpolating operator L, (f) gives an optimal linear algo-
rithm of these widths.

(3) Ries and Stens [ 16] and Splettstosser et al. [ 17] (see also [18])
gave the following estimate.

Let f be a locally Riemann integrable function such that |f(x)|=
O(|x|™7), |x| » oo, for some y > 0. If f'is continuous at x, and of bounded
variation in a neighborhood of x, or if f satisfies a Dini—Lipschitz condi-
tion in a neighborhood of x,, ie.,

1
lim w(f, 8, C[xo—é xo+¢]) log <5>=0, (1.9)
s—>0t

where @ denotes the usual modulus of continuity, then L_( f, x,) — f(x,).
If (1.9) is replaced by w(f, J; C(R))= 0(5%), § - 0+, for some a > 0, then

Hf_Lﬂ(f)”C([R): O(c"logo) (60— +0)

where, as usual, C(R) denotes the set of all real- or complex-valued,
uniformly continuous and bounded functions f, defined on R, endowed
with the supremum norm | /1| ;-

2. SAMPLING THEOREM

In the following, C, , and C, stand for two constants which only depend
on r and p or r respectively, and they may vary from one equation to the
other.
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Let K(x) be the unique integer satisfying K(x) — 4 < x < K(x) + 1, and let
Hy(x)=Y yix—k)~", (2.1)

where Y’ denotes that the sum is taken over those keZ for which
k# K(x). Hy(x) is named the mixed Hilbert transform of the sequence

y:{yk}keZ'

LemMA 2.1 [12]. Let 1<p<oo. Then Hy(x) is a linear bounded
operator from l,— L,(R), ie.,

IHYl ey < Cp 2N, Sorall yel,. (22)
Let L,y:=3%,., yisinco(x —kn/o), and let
1L Il ey 2= sUP{ | Lo () iyt 1711, < 1} (2.3)

IL,|l ) 1s called the Lebesgue constant of the Whittaker operator
L, y(x). Following the idea of [ 12], we have

Lemma 2.2, Let 1 <p<oo. Then

o\ /7
|La|p(R)<<0_> Cp'

Proof. We first consider the case o =n. If k(x) is such that |x —k| <3,
then

Y. yisinc n(x—k)‘ <

kez

Y yesine n(x —k) ‘ + [ Vi Sine (x — k)|
k #k(x)

1
<| ) R — + [yi(x)]-

k #k(x)

Therefore it follows from Lemma 2.1 that we have

1L YO ey < IHY) | ey + 1911, < C 1121, (24)

By changing scale, we obtain from (2.4) that

n 1/p
|Lﬂy<x>|p®<<a) o
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LemMA 2.3 [13, Theorem 6.7.1]. Let g(z)eE,, z=x+iy, g(x)eB,
1<p<o. Then

s P2
1/p
([ tetxvinlrax )< Ll
and if |x| — oo, then g(x)— 0.
LemmA 2.4 [13, Theorem 6.7.15]. Let ge B
Vs kn
G2]s(3)

o kezZ
LEMMA 25. Let y={yi};cr, Y€l,, 1 <p<oco. Then the Whittaker
series Y., ., Vi sinc o(x —kmn/a) is convergent uniformly on R. If we make

1<p<oo. Then

a,p>

»\ p
> <C, Hng(R), ag>0.

g(x) =Y y;sinc o(x —kn/o) =L, y(x), (2.5)
then g(x)e B, , and g(knjo)=y,, ke Z, and

sin x

lg(x)I<C

p

1 1
HyHl,,s 7+7=13
4(R) JZ)

\
<G, (2) 171,

Proof. Following the method of [7, Lemma 3], we let z=x+iyeC be
fixed and let

ho(z,n)=sinca(z—n), neC, n=<C+iC.

It follows from [ 6, p. 101] that as a function of #, /,(z, #) is an entire func-
tion of exponential type o. If | <p< oo, 1/p+1/g=1, then ¢>1 and we

have
1/q
<jR h.(z, ;7)|ng> = UR |sinc(x + iy)|? dx>

1/q
V)
<[ = e’ Il
ag

1/q

s X ’ (26)

q(R)

X
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therefore, by virtue of Holder’s inequality, (2.6), Lemma 2.3, and Lemma
2.4, we obtain

Y. vih,(z, knjo)

kez

1/q
<<Z \h(z, kn/a)|q> ¥,

kez

o\ /4
<C, <n> ho(z, kn/a) | 4wy 171,

1/q 1/q
g T
<C, (=) (=] e
T g

sin x

sin x

Iy,

q(R)

< quff [ ¥l

v, (2.7)

q(R)

Let g(z): =Y, .7 Viho(z, kn/o). Equation (2.7) implies that the series
>iez Viho(z, knjo) converges uniformly on all compact subsets of C
and so its sum g(z) defines an entire function and it follows from (2.7)
that g(z) e E,. Moreover, in view of Lemma 2.2, g(x)e L,(R); therefore,
g(x)eB, ,and

AR
lgx)l,<C, <G> Iyl

and it is clear that g(kn/o)= y,, keZ. The proof of Lemma 2.5 is
complete. |

Proof of Theorem 1. Let feB, , and let

g(x):= ) flkn/o)sinc o(x — kn/o). (2.8)

kezZ

By Lemma 2.4, the sequence { f(kn/a)} €l,, hence in view of Lemma 2.5
the series on the right-hand side of (2.8) converges uniformly on R
and ge B, ,, glkn/o)=f(kn/o). Let d(x)=f(x)—g(x) and let Y(z)=
6((m/o)z), z=x+iyeC. Then it is clear that y(z)eE,, Y(x)eB, ,,
Y(k)=0, keZ; therefore, by a result of Polya [13, Corollary 9.4.2],
Y(z)= C, sin zz. In virtue of Lemma 2.3,

W(x)[ =0,  [x|—> o0,
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hence Y(x) =0, f(x)=g(x) which together with (2.8) gives

f(x)="Y flkn/o) sinc o(x —kn/o), VxeR.

kez

Hence Part (a) of Theorem 1 holds. Now we prove Part (b) of Theorem 1.
Let feB, ,, | <p<co. By Lemma 24, { f(kn/o)},_,€l,, and it follows
from Lemma 2.2 and Part (a) of Theorem 1 that

f— > [flkr/o)sinc o(x —kn/o)

k| <m

p(R)

P(R)

Y fUkn/o) sinc o(x — kn/o)
<C

k| >m

n ””< kn
! <‘7> k] > m o
which completes the proof of Part (b) of Theorem 1. From Part (a) and

Lemma 2.4, we obtain Part (¢) of Theorem 1. Thus Theorem 1 is
proved. ||

P\ 1/p
) -0, m— o0,

Proof of Theorem 2. Let y={y.}..,€l,. In view of Lemma 2.5, there
is a function g(x) € B, , such that g(kn/o) = y,, k€ Z. If there is a function
feB, ,such that f(kn/o) = y,, then in the same way as that for Theorem
1, we have f(x)=g(x), hence the first part of Theorem 2 is proved. On
the other hand, if there is a ge B, , such that g(kn/o)= y,, then from

Lemma 2.4,
<kn>
g(—
o

Theorem 2 is proved. ||

p

P\ l/p a\ 7
> <C, <7r> I8l ) < + 0.

Iylz,,=< >

keZ

3. THE ESTIMATES FOR THE ALIASING ERROR

Lemma 3.1. Let fe L,(R), { f(kn/o)},.,€l,, 1 <p<oo. Then for every

geRB we have
(kn kmn
7(3)-+(7)
o o

g, p

P p\ Up
=L < 6 (2 5 ) U =l

keZ
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Proof. LetgeB, ,. Using Theorem 1, L (g, x) =g(x), so by Lemma 2.2
we have

1f = Lol pery < ILo(f) = Lol @) pimy + 1S — &l iy

= Lo f = pwy + 1S =&l pirey

<a(z,z (7))

N\ l/p
o > +Hf_g‘|p(R)
which completes the proof Lemma 3.1. ||

Proof of Theorem 3. From Lemma 3.1, we have the sufficiency of
Theorem 3 immediately. The necessity of condition (a) is clear. Now we
prove the necessity of condition (b) of Theorem 3. Assume that {g,} =B, ,
such that | f—g,ll ,z >0, > +oo. If [f—L,(f)l, & —0, then for a
given & >0, there is a g, > 0 such that, for all ¢ > g,

& &
”f_La(f)Hp(R)<§7 ”f_gaHp(R)gi,

which together with Lemma 2.4 and Part (a) of Theorem 1 gives that if

o>0,, then
kn kr\ |P\ P
(5= ()
o o

GX
< HLa(f*g)Hp(R)g IL(f) *pr([Rz)‘F Hf*ng(R) <e |1

g keZ

Let

()=A, <2r sin(t/2r)

2r
. > , reN, A4,eR, (3.1)

where the constant A4, is taken such that jRK,(t) dt=1. It follows from
[6, pp. 101-102] that K.(t)e B, ,. Make

2r sin(al/Zr))z’

at

K, (1) =A,o< (3.2)

then K, ,(¢)e B, | and
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LemmA 3.2, Let h(t)e L,(R), 1 <p <0, be a non-negative even function
which is non-increasing on [0, o0). Let

o(x) :f hx+10) K, ()dt, o>1.

R

Then there is a non-negative even function y(x) which is non-increasing on
[0, c0) such that

|g(X)| <Cp,hlp(x)9 VXGR,

where the constant C, ; depends on p and h(x) only.

Proof. 1t is easy to prove that g(x) is a non-negative and even function
on R. By [6, Theorem 3.6.2], g€ B, ,. Let x>1 and

— 0

g(x) = “2 [ }h(x—i— ) Ko, (1) dr
—2x —x/2
i=1(x) + L(x) + I5(x).

If te(—o0, —2x), then t<x+1¢<1t/2<0, and since /(x) is non-negative
and non-decreasing on [ — 0, 0),

—2x

. <f72xh <;> Ko (0ydi<h(x) [ Ko (0) de<hix)

— 0

Let 1/p+ 1/g=1. By Holder’s inequality and (3.2), if ¢ > 1, x> 1, we have

—x/2 1/p —x/2 1/q
Iz(x)<<j ‘Ih(x+t)|"dt> <j |K2,U(t)|‘1dt>

—2x

4q 1/q
dz>

o sin £\* \'4
<2z ' ([ () )
(1/4) ox t

o [1\% \Va
<2A2 Hth(R)Glil/q <£1/4) <[> dt>

<5124, |[h] gy x Ve

2 sin at/2
gt

2x
<4, ”h”p(R) <J a’
x/2

<5124, [[h] x4+,
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If 1> —1x, then 7+ x>x/2>0. Since h(x) is non-negative and non-

increasing on [0, o0), A(x + 1) <h(x/2), and

rw<[

—X,

h(x/2) K, ,(t) dt

<h(x/2) f Ky (1) di=h <x>
R 2
Let C, , :=max{5124, || ,), 2}, and x> 1. Then

0<g(x) <h(x)+h <;> 5124, [[]] gy x4

<C,, <h <;> +x4 1/q>.

On the other hand, from Holder’s inequality, we have

10 <[ K o(0) dt- Wl )= 1l

Let
1Al s it |x|<1,
x f—
V() h<;>+|x|4“/", it x> 1.

Then (x) e L,(R) and (x) is a non-negative even function which is non-

increasing on [0, c0), and

g <C, nP(x),  VxeR |

Let 4} f(1)=3_, C{ f(t+ jh) be the kth difference, as a measure of the
smoothness of the functions. We use the modulus of continuity with respect

to the kth order difference, namely

o f, t)p([R) ‘= Sup HAZf(x)Hp(R)'

|hl <t

(3.4)

Lemma 3.3 [15, Chap. 5, 1.31]. Let feL,(R), 1<p<o, keN, o= 1.

Then there is an entire function g, € B, , such that

1
180 im < Croon <f, )

p(R)
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Moreover, if f € L )(R), then

! ! ! 1
1 — &4 g < Cooy <f> .
P(R)

g

Proof of Theorem 4. Let feQ,, 1 <p<oo. By the condition of the
theorem, there is a non-negative function A(x)eL,(R) which is non-
increasing on [0, oo0) such that | f(x)| < Cyh(x), Cye R. Let

glx) =] flxt0) Ky (1) dr

where K, ,(¢) is defined by (3.3). Then g, e B and

1201 <Co | hx+0) Ky (1) d. (3.5)

If ¢>1, then by Lemma 3.2 there is a non-negative even function
Y(x)e L,(R) which is non-increasing on [0, o) such that [g,(x)|<
C, ,¥(x). By Lemma 3.1, we obtain

kmn kmn
7(3)-=(3)

a o
For given £>0, since h(x)e L,(R), y(x)eL,(R), 1 <p<oo, there is a
M, >0, such that for all M > M,

p\ l/p
1/ = Lol llpiy < Gy <Z % ) 1S = ol (36)

kez

[l

1/p
([ i) <
x| =My

NI

1/p
([ )<

Al®

Let a(o)=[aM,/n]+1 (here and hereafter [a] denotes the integral
part of aeR). Since A(x) and Y(x) are even functions which are non-
increasing on [0, c0), from the relation between series and integration, for

all ¢ >0, we have
T kTC AN
C!J, d < 2 J f < > >
/ |k| = o(o)
<k7‘[> P>|/I’
g

T
<C0Cp’,,< >
1/p e
|h(x)|pdx> <z (37)

|k] = a(o)

<C0c,,,h<j

[x| = Mo
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By the same reason, we have

5,5 Jol

T |k > (o)
On the other hand, since f € R, fis Riemann integrable on [ — M, M, ],
and it is clear that g, is Riemann integrable on [ —M,, M,]. Therefore,
there is a g, > 0 such that for all ¢ >g,,

P\ 1/p 1/p e
) <acu(]  wra) <5 G
Ix| = Mo

1/p
<n > If(kﬂ/o)—ga(kn/o)l”> <Hf—g,7|\,,[fMo,Mu]+8

T kI < plo) 6
&
< Hf—ga\l,mﬂrg, (3.9)

where fi(g) :=a(g) — 1. From (3.3) and (3.5), we obtain

Sx) =g (x0) = (f(x) = flr+x)) Ky (1) d,

R

where K,(¢) is defined by (3.1). Let
c*::j (1+ 1)) K> (1) dt.
R
Then C* e R, hence there is a g, > 1 such that for all ¢ > 0o, we have

1
1S =8l < 0 <f,6> [ (+1tl/o) Kofr)
p(R)

R

<w<f,(17> JR(I + 1)) Ko(1) dt

&

1
< Cto <f, ) < (3.10)
T/ pwy 0

therefore if 0 > max{o,, g,}, from (3.6)—(3.10) we have

& & & &
Hf_LAmem\4+4+8 6+8:& |

LemmA 34. Let feL)(R), reN, 1<p<co. Then
7 [kr
ALE

P\ 1/
o > Hpr(R)Jr 17| ) < =+ 0.
kezZ
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Proof. Let x,=kn/o, keZ. By the mean value theorem, there is a
Ere[ X, Xp 1], such that

SEN=2]" 1 fw) du

therefore,
LS (x )l < |SED+1f(Ex) — f(x0)]
o

<2t dut [ ) d (3.11)

T Y xp Xk

By virtue of Stein’s inequality [14], there is a constant C, which is
independent of f such that

L iy < Co 1 iy ™ 1S iy < + 00 (3.12)

Let 1/p+ 1/g=1. From Hélder’s inequality, (3.11), and (3.12), we get

Es () <z [ ara)

Ojez kez "
bia X+ 1 lp
203 [ )
keZ ~ Xk

Hpr(R)Jr L/ ey < + 00 11

Proof of Theorem 5. Let fe L (R), and let g ,(x) be defined by (3.5).
From Lemma 3.1, Lemma 3.3, and Lemma 3.4, if 6> 1 we have

kr kr
() ()
ag ag
<€ (17 =8+ 217 = & ) + 1 =
1 T 1
<(:r,ﬁ(’urJrl<fa> +wr+1<fls>
0/pry 9 0/ p(r)
-r (r) ! (r) 1
<C, o ol f7,— +aw,| f,—
) 9/ p(m)

1
<C‘r,po-_ra) (f(r)a >
O/ p(r)

which completes the proof of Theorem 5. ||

P\ lp
> + Hf_go'Hp(R)

T
1f =&l < Cp (a )

keZ
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